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Signal/noise separation and velocity estimation

William S. Harlan*, Jon F. Claerbout*, and Fabio Rocca}

A signal/noise separation must recognize the lateral
coherence of geologic events and their statistical predic-
tability before extracting those components most useful
for a particular process, such as velocity analysis. Events
with recognizable coherence we call signal; the rest we
-term noise. Let us define “focusing” as increasing the
statistical independence of samples with some invertible,
linear transform L. By the central limit theorem, focused
signal must become more non-Gaussian; the same L
must defocus noise and make it more Gaussian. A mea-
sure F defined from cross entropy measures non-
Gaussianity from local histograms of an array, and
thereby measures focusing. Local histograms of the
transformed data and of transformed, artificially inco-
herent data provide enough information to estimate the
amplitude distributions of transformed signal and noise;
errors only increase the estimate of noise. These distri-
butions allow the recognition and extraction of samples
containing the highest percentage of signal. Estimating
signal and noise iteratively improves the extractions of
each.

After the removal of bed reflections and noise, F will
determine the best migration velocity for the remaining
diffractions. Slant stacks map lines to points, greatly
concentrating continuous reflections. We extract sam-
ples containing the highest concentration of this signal,
invert, and subtract from the data, leaving diffractions
and noise. Next, we migrate with many velocities, ex-
tract focused events, and invert. Then we find the least-
squares sum of these events best resembling the diffrac-
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tions in the original data. Migration of these diffractions
maximizes F at the best velocity. We successfully extract
diffractions and estimate velocities for a window of data
containing a growth fault. A spatially variable least-
squares superposition allows spatially variable velocity
estimates.

Local slant stacks allow a laterally adaptable extrac-
tion of locally linear events. For a stacked section we
successfully extract weak signal with highly variable co-
herency from behind strong Gaussian noise.

Unlike normal moveout (NMO), wave-equation mi-
gration of a few common midpoint (CMP) gathers can
image the skewed hyperbolas of dipping reflectors cor-
rectly. Short local slant stacks along midpoint will ex-
tract reflections with different dips. A simple Stolt (1978)
(f-k) type algorithm migrates these dipping events with
appropriate dispersion relations. This migration may
then be used to extract events containing velocity infor- -
mation over offset. Offset truncations become  another
removable form of noise. ’

One may remove non-Gaussian noise from shot gath-
ers by first removing the most identifiable signal, then
estimating the samples containing the highest percent-
age of noise. Those samples containing a significant per-
centage of signal may be zeroed; what remains repre-
sents the most identifiable noise and may be subtracted
from the -original data. With this procedure we suc-
cessfully remove ground roll and other noise from a
shot (field) gather. . .

INTRODUCTION

perbolic shapes in ﬁeld and CMP gathers, and show lateral
continuity in common-offset or stacked sections; faults and

Interpreting noisy data requires recognition of the lateral
coherence of geologic events and their statistical predictability.
For example, reflections of continuous beds have roughly hy-

other abrupt interruptions appear as diffraction hyperbolas.
Their lateral predictability means that such events are over-
specified. For example, linear reflections could be specified by
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slopes and vertical intercepts rather than depths every 50 m;
hyperbolas could be specified by scattering locations and root-
mean-square (rms) rock velocities. Noise then must include com-
ponents of the data whose description cannot be simplified, compo-
nents showing no spatial coherence or predictability. To qualify
as signal, a geologic component must have recognizable coher-
ence. If an algorithm fails to recognize the coherence, some
geologic events may then function as noise. A given component
of data (signal or noise) has a limited class of possible ap-
pearances; each possibility may be produced by a linear combi-
nation of more fundamental linearly independent “events.” It
will be our business to describe and recognize these events as
efficiently as possible.

First we discuss the statistical motivation for signal extrac-
tion. Algorithms are outlined with as much generality as scems
productive. We then emphasize the extraction of events con-
taining velocity information because they illustrate well two
possible complications.

" (1) Before extracting the desired signal, remove both
noise and the coherent events containing no velocity
information.

(2) Estimate unknown velocities from the extracted
signal; extract the signal by recognizing the coher-
ence dependent upon these velocities. Yet, the extrac-
tion of signal must not bias the estimation of the
velocities.

Later we discuss ways of making the description of signal
sufficiently general and spatially adaptable. We explore im-
provements to prestack wave-equation methods and pure ap-
plications to separation of signal from noise.

The expense of specific applications will depend only on the
chosen linear transformations (such as Stolt migration and the
slant stack). Each application is repeated several times but they
are easily vectorizable. Statistical calculations manipulate one-
dimensional histograms and contribute negligibly to the cost.

FOCUSING AND EXTRACTION OF GEOLOGIC SIGNAL

Let us attempt to extract rather than merely to estimate
signal. An estimate ordinarily finds the most probable signal
when given the data. An extraction should accept only signal
with a predetermined reliability and should eliminate those
events significantly contaminated with noise. Alternately ex-
tracting signal and noise will place events in their most prob-
able domain.

We establish the following results before describing specific
algorithms. Using these results, one may identify some data
component as signal (with predetermined reliability), and ad-
ditionally identify the transform focusing this signal best.

(1) Define “focusing” as a linear transformation making
the samples of an array statistically independent.

(2) A transform focusing signal must also defocus noise.

(3) Focused signal becomes more non-Gaussian; defo-
cused noise becomes more Gaussian.

(4) A simple function will measure the local non-
Gaussianity, and thereby the focusing of data.

(5) Estimate amplitude distributions of the transformed
signal and noise from local histograms.

(6) With these distributions, identify and extract those
samples of the transformed data containing most of
the focused signal.

(7) To identify the best transform, extract the signal with
several transforms and find a superposition best re-
sembling the data. The focusing measure will identify
the transform focusing this superposition best.

A measure of focusing

A linear transformation of an array may reduce the number
of elements required to describe the signal. We call such a
transformation focusing. These elements should be statistically
independent, else the number could be reduced further. Most
often one does not know the best focusing transform and must
acknowledge the presence of some unknown parameters, such
as rock velocities. Brute force would make each of these param-
eters a new dimension in the focusing transform (which must be
invertible). A measure of focusing, however, could quickly iden-
tify the optimum values. _

Describing signal by the smallest number of random vari-
ables (parameters to be estimated) allows the simplest statistical
tools. Joint probability density functions (jpdf) allow the most
arbitrary dependence between variables: the data never contain
enough redundancy for their estimation. Marginal probability
density functions (mdf) describe each sample independently. If
a transformation has focused all variables, then jpdf’s may be
calculated from mdf’s.

The data easily provide enough redundancy to estimate
mdf’s. An unbiased, robust statistical model should describe the
possibilities to be found regionally in the data. Knowledge of
one reliable event should increase the probability of finding a
similar event nearby. Thus, one not only expects but desires ‘
that estimated mdf’s change slowly over spatial dimensions and
time. Because of this stationarity, a histogram prepared from a
great many samples with identical mdf's will describe the pos;
sibilities open to them all.

The central-limit theorem requires that a linear transforma-
tion of independent random variables make the corresponding
mdf’s more Gaussian, that is, more like the Gaussian or
“normal” distribution. By the contrapositive of this theorem,
focusing an array with a linear transform must make the mdf’s
more non-Gaussian. Thus, a measure of the local non-
Gaussianity of an array in turn measures the increase in focus-
ing.

We derive a measure F of focusing in Appendix A using
equation (A-8b). F measures the divergence of data histograms
from the best-fitting Gaussians by the use of Kullback’s (1959) .
cross-entropy. Calculation requires negligible computer time.

Extracting geologic signal

A linear transform focusing signal also defocuses noise.
Noise, by our working definition, has no recognizable coher-
ence spatially, though possibly over time. Noise includes all
events that the chosen transform will not focus. Note that
coherent noise such as multiples, sideswipe, ground roll, and
cable noise may require wave and geologic models similar to
those for signal. Because focused signal becomes more non-
Gaussian, energy concentrates about narrow peaks, increasing
the percentage of low values. A linear transform L must add
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coherence to previously incoherent noise. Because of the
central-limit theorem, the noise mdf’s become more Gaussian.
Noise energy diffuses into overlapping coherent events. Thus,
applying an invertible L to noise will always decrease F. After
the removal of noise, the best L maximizes F.

With mdf’s of transformed data and noise, one may estimate
the signal present in each sample. Consider three components
of the same transformed sample: d' =s + n'. Their distri-
butions are related by

Palx) = py(x)* Prlx)- 1)

The asterisk denotes convolution. Knowledge of two distri-
butions determines the third. These three distributions deter-
mine the expected value of s given that of d':

E(s|d) = fxp,.,,(x |d) dx

J XpLX)pAd’ — %) dx
- pald)

Use Bayes’ rule twice (c.f,, Van Trees, 1968).

An unbiased estimate of these distributions should derive
directly from the data. Histograms of the transformed data will
estimate data distribution. For a reliable signal extraction we
prefer to overestimate the quantity of noise (see Appendix B).
Briefly, one may artificially destroy coherence in the data
before transformation (without harming marginal distri-
butions) and then accept histograms after transformation as an
overestimate of noise. Artificially incoherent signal behaves as
noise by defocusing and becoming more Gaussian.

Components with Gaussian mdf’s remain Gaussian after
linear transformation, whether signal or noise. Because of the
pessimistic estimation of the noise distribution, the estimator
(2) must treat these indistinguishable components as noise.
Extraction can accept only those components that have
become more non-Gaussian after transformation, i.e., compo-
nents that have been recognizably focused. The overestimate of
the noise distribution will approach that of the Gaussian com-
ponent as the most reliable signal and noise are iteratively
subtracted.

Calculating the signal distribution requires deconvolution of
equation (1), with appropriate constraints of positivity and unit
area. To maximize the fit (the probability) of the data, one
should minimize the divergence (as measured by cross-cntropy)
of the data mdf from the convolution of the signal and noise
mdfs.

The estimate (2) must be modified somewhat for signal ex-
traction. Zero all samples containing significant percentages of
noise to avoid the conversion of any noise to coherent events.
Analytic envelopes should be used in extractions (though not
when preparing histograms); otherwise an extraction corrupts
waveforms by deepening troughs between peaks. As another
precaution, smooth an array of the E(s|d')/d’ values both spa-
tially and temporally before multiplying 4, thus avoiding sharp
edges on events with residual coherence after transformation.

The highest amplitudes of the transformed data most com-
monly contain the highest concentration of signal. If transfor-
mation makes signal more non-Gaussian than noise, then
E(s|d’) often has a characteristic shape: for amplitudes of 4’
above some abrupt cutoff, s & d'. Below this cutoff, noise begins

@

to contribute quickly and significantly (c.f, Godfrey, 1979). A"
good estimate of this cutoff is obtainéd by examining a high
quantile of transformed, artificially incoherent data. Yet such a"
priori assumptions about the shape of the estimation function
are not necessary. Since the data will prov1de the necessary
statistics, they should be used.

Finding the best extraction

Let us next treat a more general transform L, perhaps of
higher dimensions, like migration. We extract signal over a
range of a transform’s parameter, linearly combine inverted
events, and find the parameter value maximizing the focusing
measure. This procedure both extracts the most reliable signal
and determines the best transform.

Let the transform L depend upon v. We extract all signal
focused at some v and then invert:

2,= L {extract({L,{d}}), ©)

where L, !, the least-squares inverse of L, inverts all signal
with the parameter v. Let L, ! = (L,*L) " 'L*, where an asterisk
denotes the adjoint. With &, for a physical range of v, find the
least-squares sum best resembling the data

§=3 ae,;
v

4
min|§ —d|*>Y e, &,)a, = (é,, d. @
a w

The brackets designate a simple scalar product. Set the scalar
product equal to zero where the data are unknown to leave
these values unconstrained. Solve (4) for all coefficients a, and
for § by inverting a symmetric matrix with an order equal to the
number of velocities used. § contains the: wpost reliable signal,
without bias, for the chosen range of'i. Transforming § over this

same range will maximize F at the v focusing the signal best.

In this development we have assumed all signal in the data
window corresponds to the same parameter v whereas this *
dependence may be spatially variable. We add such a depen-
dence to equations (3) and (4) as the applications become
clearer.

EXTRACTING DIFFRACTIONS FOR
VELOCITY INFORMATION

Many velocity analyses extrapolate wave fields back in time,
thereby concentrating signal and dispersing noise. For exam-
ple, an NMO stack finds the image source of reflections from
flat interfaces. Inverse scattering extrapolates wave fields back
to residual-velocity scatterers and divides out the effect of ex-
trapolated sources. Genuine seismic events always begin simply
and produce increasingly diffuse wavefronts; the increase of
thermodynamic entropy requires it. Because the wave equation
is symmetric in time, seemingly isolated arrivals such as noise
and missing data require more diffuse wavefronts at time zero.
That extrapolation that concentrates the signal best while dis-
persing noise determines the best velocities.

Offset sections span greater distances on the surface and so
detect deep velocity changes better than do shot and midpoint
gathers. Diffraction events, such as reflections of bed trunca-
tions and point scatterers, contain all velocity information pres-
ent in offset sections. Diffractions appear in the background of -
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sections containing faults as seen in Figure 1a, a section stacked
over offset. Migration with correct velocities focuses these dif-
fractions; however, reflections of continuous beds do not focus,
and noise defocuses. We must first remove bed reflections
(Flgure 1b) from the data, thereby exposing diffractions and
noise (Figure 1c). We must next extract the most 1dent1ﬁable
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FiG. 1. (a) A window of stacked offshore Texas data contains a growth
reflections and noise obscure the velocity information in diffractions. (
at 33 m sampling.) We decompose this window into three components,

diffractions from the noise as shown in Figure 1d. Note that
phase changes appear at peaks of the hyperbolas as predicted
by theory. When these events are migrated, the focusing mea-
sure F is maximized at the best.velocity (Figure 2). The remain-
ing component of the data (Figure 1e), noise, is neither focused
by slant stacks nor migration. Continuous beds, diffractions,
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fault, with weak diffractions off truncated beds. Continuous
Data supphed by Western Geophysical Co.: extending 2 km
(b), (d), and (¢), which add up to the original data. (Panels

are scaled differently for plotting,) (b) Continuous reflections are easily described as a superposition of lines. (c) Subtractin;
continuous reflections from data [(a) minus (b)] leaves diffractions and noise, neither easily described as a superposition of lines. (d
Diffractions are easily described as a superposition of diffraction hyperbolas. (¢) Noise [(c) minus (d)] cannot be simplified by any

invertible linear transformation.
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and noise (Figures 1b, 1d, and le) add together to produce the
original data (Figure 1a). (Diffractions and noise are amplified
for plotting.)

Separating bed reflections from diffractions and noise

A window of stacked, offshore Texas data (provided by West-
ern Geophysical Co.) contains a growth fault with weak diffrac-
tions off truncated beds (Figure 1a). Reflections of continuous
beds may be separated from diffractions and noise after focus-
ing with slant stacks. We define slant stacks by the inverse
transform d(x, t) = { d(p, © = t — px). (See Appendix A on slant
stacks.) Slant stacks map lines of constant dip into points,
thereby focusing bed reflections laterally. p specifies the slope of
the dipping event, and t denotes the vertical time intercept.
Slant stacks may be said to remove the first-order predictability
of gently curving events.. Coherence remaining after a slant
stack shows curvature in the original events. Events with rap-
idly changing dips, such as noise and diffractions, do not focus.
Points map roughly to lines, thereby defocusing noise and
diffusing its energy. More general transforms will allow better
extractions of continuous reflections. We introduce localness or
curvature into our slant stacks in a later section.

The results of previous sections apply directly to the esti-
mation and removal of bed reflections.

(1) Slant stack artificially incoherent data (with random-
ly reversed traces) and estimate p, (x) locally from
histograms.

(2) Slant stack data and estimate p, (x) locally from his-
tograms. Estimate p,(x) from step (1).

(3) Evaluate E(s|d’) for each sample of the transformed
data. Smoothly zero samples containing significant
noise.

(4) Invert the extracted signal and subtract from the
original data (Figures 1b and 1c).

(5) Use this section to reestimate j, (x) and repeat steps

(2-44).

In practice, a full slant stack is not necessary for step 1. Sum-
ming should be performed at enough dip values to provide the
local statistics of noise.

Extracting diffractions from noise

To extract diffractions and estimate -velocities implement
equations (3) and (4) using migration and velocity as the appro-
priate transform and parameter. The appropriate migration is
defined in Appendix D [equation (D-3)]. For the present,
assume that all diffractions within the window express the same
unknown velocity v. For interval velocities one could estimate
velocities in upper windows, then downward continue lower
events. Velocities can be estimated as locally as the density of
diffractions permits. For particularly deep events the aperture
of offsets is much smaller than the depth, so diffractions become
the only source of velocity information.

We summarize the extraction of diffractions from noise. Pre-
vious methods are assumed for. the estimation of the noise and
signal distributions.

(1) Migrate the data, without continuous bed reflections,

focusing measure

0.2 0.3

I

0.1

o T T T — T
1600 1700 1800 1900 2000 2100
velocity (m/s)

F1G. 2. Migration of the extracted diffractions in Figure 1c
maximizes the focusing measure F at the best velocity.

over a physical range of velocities.

(2) For each migrated section, smoothly zero those sam-
ples containing significant noise.

(3) Diffract (invert the migration of) each section at the
extraction velocity.

(4) Find the least-squares superposition of these diffrac-
ted sections best resembling the data without bed
reflections (Figure 1d).

(5) Migrate this superposition over the previous range of
velocities.

(6) Determine the best migration velocity by evaluating
the focusing measure (Figure 2).

To allow the rms velocities of extracted diffractions to vary
vertically and laterally, use the modifications of Appendix E.
De Vries and Berkhout (1982) examined the use of varimax
norms for estimation of migration velocities. Harlan et al.
(1983) emphasized the necessity of the extraction of diffractions.

FURTHER APPLICATIONS AND GENERALIZATIONS

Now let us exploit the generality of the previous sections. We
use a local slant stack for a laterally adaptable extraction of
locally linear events. Using both slant stacks and migration,
velocity analyses of CMP sections can avoid noise and trunca-
tion problems and can image dipping beds. The most identifia-
ble non-Gaussian noise may be subtracted from data without
harming the signal underneath. Finally, a treatment of static
shifts demonstrates how hidden signal coherence can often be
recovered.

Extraction of continuous events with a local slant stack

A local slant stack specifies events as a sum of short, tapered
line segments of all dips. Global slant stacks require the signal
to be easily expressed as a sum of lines extending across the
section; such an assumption produces corresponding artifacts
when the data do not agree. The local slant stack maps a data
set to a narrow cube with the transformation
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